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Chemical wave refraction phenomena
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Motivated by recent work of Steinbock, g and ShowaltefScience267, 868(1995] examining chemical
wave propagation within membrane labyrinths soaked with Beluosov-Zhabotinsky reagent, we have investi-
gated refraction phenomena using similar tools, with an eye to verify the general applicability of Snell's law
for such nonlinear waves, as well as to unearth the physiochemical origin of the drastically reduced trigger
wave velocities we find within quasi-two-dimensional porous media. Altered reaction-diffusion kinetics appear
to play no role. Rather, our results indicatéramembrane wave-front curvature, induced perhaps by differ-
ential wetting properties, to be the mechanism responsible for these refraction effects.
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PACS numbgs): 82.40.Ck, 82.40.Bj, 82.20.Mj

Since their discovery by Zaikin and Zhabotindky sev- ¢=./D K[BrO; J[H"], a result that has been carefully cor-
eral years ago, chemical wave phenomena, manifest withifbborated in various BZ reagent recipes, including ferroin
the Beluosov-Zhabotinsk{BZ) reagent mixtur¢2], wherein  [12,14], rubidium[15], and cerium{16] catalyzed versions.
malonic acid is catalytically oxidized and brominated, haveHere,D is the diffusion coefficient of the autocatalytic spe-
become the paradigm in our understanding of reactioneies HBrO,, k the dominant rate constant, aphd refers to
diffusion systems and the complex spatiotemporal selfmolar concentrations.
organization it engendef8]. Thanks primarily to Winfree's When one considers chemical wave propagation in two
geometrical motivation$4], research early on concentrated and three dimensions and allows for the possibility of curved
primarily on the dynamics of spiral waves with much effort fronts, interesting new physical phenomena arise. As stressed
devoted to determining their dispersion relat[@f, in addi- initially by Tyson and Keenefr10] the local normal velocity
tion to rather extraordinary experimental work noting, for of a nonplanar wave front isurvaturedependent and is
example, the structure of the cofé], tip meanderind7],  given, at least for small deviations, by the eikonal expression
and existence of multiarmed spirdl8]. Subsequent studies

also concerned themselves with the dynamics of more com- v=c—Dx,
plicated topological structures such as scrolls and vortex
rings[9], as well as issues of torsion and curvat[&6)]. wherek is the sum of principal curvatures of the front. With

The reaction kinetics underlying the propagation of BZtypical BZ planar wave speeds corresponding to roughly
chemical waves were first put forth by Field and Nojgs], = ¢~6.0 mm/min and the oft-quoted room-temperature value
their essential features captured by the simplified Oregonatdd =2.0x10 > cm?/sec, it is apparent that the correction
model[12], which focuses attention upon the central chemi-D« is only manifest in situations of highly curved fronts,
cal species via three coupled partial differential equationsvith «>1/50um. Consequently, the implications for an
(PDE’9) dictating the spatiotemporal evolution of the Br, ever-expanding BZ circular wave appear utterly negligible,
HBrO,, and transition-metakanonically C&") ion concen- for once the radius of the wave exceeds several hundred
trations. Among thenumerically achieved and experimen- micrometergindeed, the silver wires usually employgtr]
tally confirmed predictions of the Oregonator d&iga very to initiate BZ trigger waves are already of this size or
sharp wave front, complemented by a diffuse trailing edgelarge . ..), the propagation is essentially that of a plane
as evidenced by the cerium ion concentrati@n;a bromous wave. Nevertheless, the eikonal equation indicates a critical
acid profile that jumps abruptly by a factor of°lficross the radius of curvature.=D/c, below which the BZ trigger
leading edge of the wave; and finall§ij ) the existence of a wave will not propagate. Interestingly, in an experiment us-
critical bromide ion concentration below which an oxidation ing silver-coated glass capillaries, Foerster |ty and Hess
pulse is triggered. Interestingly, if one is concerned with the[18] observed precisely this effect, finding~20 xm and
strictly kinematical aspects of the BZ chemical wave, such agxtracting the diffusion constafit=1.9x 10 ° cm?/sec. In-
propagation speed and potential refraction effects, it is posdeed, this same group had elegantly verified the eikonal re-
sible to strip the Oregonator down to a single nonlinear PDHation previously for situations of extrenmegativecurvature
(close kin to the Fisher equatidt3], governing dynamics of [19], studying enhanced speeds of cusped wave fronts
gene propagation in host megliavhich dictates the reaction formed at the intersection of two colliding circular waves;
and diffusion of bromous acid, then achieving highly non-extrapolation of their data to positive indicated a critical
trivial analyticalresults. In particular, it is known that, at this radius of curvature~70 um. Later efforts by Nagy-
level of approximation, the velocity of planar wave front Ungvaraiet al.[20] revealed values af.~14-55um over a

broad range of reagent concentrations. In related workhy To
and co-worker$21] examined BZ circular waves emanating
“Author to whom correspondence should be addressed. from narrow micropipette tubing. By varying their recipe,
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FIG. 1. A circular BZ trigger wave islowed

as it propagates into a thinner membrane. The
geometry of the refracted wave front is consistent
with that dictated by Snell’s law, assuming a rela-
tive index of refractiorn=1.45+0.05. Indepen-
dent measurements of chemical wave speeds in
the two different media, obtained simply by
tracking the radius of the expanding circle as a
function of time, indicate a velocity ratio,
1.44+0.06, in fine agreement with this value. At

7%

//,4/////{?’4% , A , moment captured, incident trigger wave radius is
4//3%{%%//{/ 21 mm.
;//4/% ,/,,if;z;//, /

7 ///

i

they managed to orchestrate a vanishing propagation spe¢ehed. Visual inspection suggests the refracted wave front to

consistent with that dictated by the eikonal relation. be the segment of a circular arc, but this is precluded by
In this Brief Report we discuss experimental investiga-Snell's law. An elementary derivation indicates that, with

tions of severely reduced BZ trigger wave speeds in quasin=v,/v,>1 denoting the ratio of velocities in the two dif-

two-dimensional media, using membranes sufficiently thin inferent media, the refracted wave front is given parametrically

the third dimension that curvature effects return to play arby the mildly cumbersome equations

important role. As an added benefit, by using membranes of

various thicknesses, we were able to provide an explicit test x=[d(n?~1)tana+R sina]/n?, 1)
of Snell's law of refraction within the BZ conteXx2?2], or-
chestrating chemical wave propagation between discrete me- y=[(R—d sear) yn’—sirfa]/n?, 2

dia with different indices of refraction. In this regard, our
work is complementary to efforts of Zhabotinskyal.[23],  whereR is the time-dependent radius of the incident wave.
who, relying upon the transverse,@radient[24] present Here,x andy refer, respectively, to the coordinates along
within a BZ silica gel medium to alter propagation speedsand transverse to the interface separating the two media, the
provided preliminary confirmation of Snell's law and ob- origin coinciding with the point at which the incident wave
served, for the first time, reflection of nonlinear chemicalfront first crosses the boundary, having been initiated a per-
waves. Very recently, Oosawet al. [25] have managed an pendicular distanced away. The parameter <Qa
independent examination of Snell’'s law, employing ferroin-<cos (d/R). Examination of the entire wave front is par-
loaded cation-exchange resin beads. Both these refraction etieularly advantageous because its time evolution incorpo-
periments, however, use overtthemicalmechanisms to in- rates results for all angles of incidence. This is in contrast to
stigate differential trigger wave speeds, their samples beingrevious work[23,25, which examined only isolated cases.
too thick to exhibit the curvature effectse., thephysical = With the above curve for our refracted wave front, a best fit
mechanism we discuss here. In turn, as we relate later, ato the data yields the velocity ratio=1.45+0.05. We ob-
careful examination of the dependence of BZ wave speethin the same result when propagation proceeds in reverse,
upon reagent concentrations provides strong evidencBom single layer to bilayer, leading to a distended rather
against the possibility of altered reaction-diffusion kinetics inthan flattened wave front. In this scenario, however, reflected
our own thin membrane experiments. Preliminary findingswaves are also generated when the incident angle becomes
were presented previous[26]. sufficiently large[23]. Interestingly, an entirely separate, but
In Fig. 1, we show a snapshot of a circular trigger waveagain intrinsically geometric technique produced a similar
[27], which, having been initiated previously in a double- value. By initiating a circular trigger wave at the edge of the
layer membranéthickness 304um), has propagated across sample alongbut ever so slightly to the faster, double-layer
the interface into a single laygi52 wm), where it travels side of the interface, it is possible to observe the situation
more slowly, the refracted wave front being noticeably flat-recorded in Fig. 2, which reveals a refracted, essentially
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FIG. 3. Speed ,; of a circular BZ trigger wave for varied con-

FIG. 2. By initiating a trigger wave at the diameter end point of . . .
’ - - : centrations of bromate or sulfuric acid; the square-root dependence
the membrane sandwich, being sure to touch silver wire on double:

: . . L ollowing from the minimal Oregonator modEgl2,3]. The bromate
layer side of interface, we generate a wave front effectively inciden cries W) has a standard recifél,SO,]=0.4M with [NaBrO;]
at 90°. The refracted wave front in the single layer is observeolS 2> ) 3

; - . =0.168-0.288M, while the acid series @) has [NaBrOg]
canted at the maximal angte=sin™1(1/n), as predicted by Snell's - -
law. Our measured valugg=43+1° yields a velocity ratio =0.2M and[H;S0,]=0.346-0.55IM. All other species’ concen

N=v,/v,=1.47+0.02, in good agreement with previous, alterna- trations are fixed _by the standard reci27]. AII'experlments are
. o performed in a single-layer membrane of thickness 1&88. A
tive determinations.

least-squares fit to all data yields a slope, 28181 mm/min mol,
consistent with all previous worki2,14,19 done afT=25°C. The

intercept, —5.87+0.11 mm/min, however, is entirelgnomalous

p_lanlar Iwave UVOE: (t)f? the _(;thetr Sld? of thell?teggfe,sln Itlr,]eoeing much larger than past determinations made in thick liquid
single layer. Wi & incigent angle equal to » ONe SIayers of BZ reagent and arises, we believe, from wave-front cur-

Iaxv . 9‘1 refraction _ diciates the max'mal deﬂecuo_n vature within the cross section of the membrane. It is this curvature
=sin"“(1/n), all angles measured W'th_ respect t‘_) the 'nter'_eﬁect that is the physical basis for the reduced wave speed and
face rather than to the normal vector since the discussion igaction phenomena discussed above.

most naturally phrased in terms of wave fronts, not rays.
Measuring the angle from our computer-enhanced images,
we find =43+ 1°, yieldingn=1.47+0.02, consistent with minimal Oregonator predicts[11,12 and experiment
our previous determination. Finally, we made independent12,14,13 confirms a chemical wave speed proportional to
and direct determinations of the BZ chemical wave speeds§DK[BrO; ][H"]. In particular, Field and Noydd 2] find a
by tracing radius vs time plots for isolated circular trigger slope +27.9 mm/min mol, while Showaltef14] obtains
waves. Using this method, we found,=70.0+2.0 um/s  +27.33 mm/min mol, both for ferroin-based recipes similar
and v,=48.7£1.9 um/s for the bilayer and single-layer to our own, but in thick(1-2-mmn liquid layers of BZ re-
speeds, respectively, which gives=v,/v;=1.44+0.06. agent. Interestingly, both groups note a small, but nonzero
Taken as a whole, these and similar findings at differenintercept, equal to-0.8 and—0.999 mm/min, respectively.
temperatures and concentrations provide strong support fa¢uhnert and Krug[15], substituting Ru for Fe as catalyst,
the notion that BZ chemical waves obey Snell’s law of re-measure a similar slope; 27.5 mm/minmol, and intercept,
fraction, regardless of the physiochemical mechanism re—1.2 mm/min. This small negative, nonvanishing vertical
sponsible for reduced wave speeds. intercept, not easily accommodated within the minimal Or-
In an attempt to unearth the mechanism responsible foegonator, has been attributed by Kuhnert, Krug, and Pohl-
the diminished BZ propagation velocity in the thinner layer,mann[28] to a retardation effect associated with Bcon-
we observe that the difference of our BZ trigger wave speedsentration ahead of the reaction front, their model
in the single and double membranesvis—v,;~21 um/s. calculations leading to an estimate0.83 mm/min, surpris-
Interestingly, if one makes the admittedly crude assumptiorngly close to the observed value. Our own data for trigger
that the curvature of the BZ wave fromtithin the cross wave speeds in a 152m-thick membrane, shown in Fig. 3,
section of the membrane is that of a simple semicircle, whichreveal a much more dramatic effect. A least-squares fit to the
implies k=1/76um for the single layer, and uses the time- bromate series yields a slope #f28.4+ 1.2 mm/min mol;
honored 18—2( valueD =2000um?/s, the eikonal relation the slightly more sensitive H series givest+ 29.3+1.9 mm/
indicates a curvature correctionv,—v,;=D«x/2~13" min mol. In any case, the data are well approximated by a
um/s, a rough estimate that is a bit low, though not far fromstraight line and the slope extracted from the combined data
the mark. Nevertheless, for reasons delineated below, wsets, +28.8+1.1 mm/min mol, is in good agreement with
strongly suspect wave-front curvature to be the source othe previous studies done in free-standing liquid layers
these refraction phenomena and have little reason to believgl2,14,15, suggesting that botB andk are unchanged, re-
for example, that physiochemical effects may have alteredction and diffusion phenomena not significantly affected by
the value of the diffusion constait within the membrane. the presence of the porous membrane. Even so, our line is
Indeed, to this end, we made a systematic investigation ofhifted significantly downward. More specifically, the com-
trigger wave propagation in single-layer membranes as &ined data sets produce a vertical intercept-&.87+0.11
function of reagent concentrations. As mentioned earlier, thenm/min. Subtracting off the bromide effect, we see trigger
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wave speeds that are lower in the single-layer membrane kyropertiegdistinct chemical mixtures behind and beyond the
some 5 mm/min or 82«m/s. Clearly, we cannot account for front—both in contact with inert silicon gilmay be respon-

such a |arge number via crude calculation, as above. Moréib'E fora meniscus-shaped wave front within the membrane
work is necessary by other experimental teams. Nonetheles</0SS Section.

we believe curvature will be key to any future explanation,  Tpnis research was supported by grants from the National
for as we increase the membrane vertical dimension by usingcience Foundation via NSF DMR95-28071, Condensed
multilayers, we observe still larger trigger wave speeds; e.g\atter Theory, and the Petroleum Research Fund, as admin-
for the triple layer, of nominal thickness 456m, we find  istered by the American Chemical Society. Both authors ex-

v3~85 um/s. The behavior, while monotonic, is certainly press their sincere gratitude to the Barnard Chemistry De-
nontrivial, indicating that the nature of the true intramem-partment, particularly Jim Carter, Sally Chapman, Les

brane curvature is probably thickness dependent. As a clogessinger, and Dan Robie for much-needed advice regarding

ing comment, we hazard a guess that differential wettinga variety of technical aspects of this experiment.
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